Cosmic No Hair for Braneworlds with a Bulk Dilaton Field 
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Braneworld cosmology supported by a bulk scalar field with an exponential potential is developed. 
A general class of separable backgrounds for both single and two-brane systems is derived, where the 
bulk metric components are given by products of world- volume and bulk coordinates and the world- 
volumes represent any anisotropic and inhomogeneous solution to an effective four-dimensional 
Brans-Dicke theory of gravity. We deduce a cosmic no hair theorem for all ever expanding, spatially 
homogeneous Bianchi world-volumes and find that the spatially flat and isotropic inflationary scaling 
solution represents a late-time attractor when the bulk potential is sufficiently flat. The dependence 
of this result on the separable nature of the bulk metric is investigated by applying the techniques 
of Hamilton-Jacobi theory to five-dimensional Einstein gravity. We employ the spatial gradient 
expansion method to determine the asymptotic form of the bulk metric up to third-order in spatial 
gradients. It is found that the condition for the separable form of the metric to represent the attractor 
of the system is precisely the same as that for the four-dimensional world-volume to isotropize. We 
also derive the fourth-order contribution to the Hamilton-Jacobi generating functional. Finally, 
we conclude by placing our results within the context of the holographic approach to braneworld 
cosmology. 

PACS numbers: 98.80.Cq, 04.25.-g, ll.25.-w 
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I. INTRODUCTION 

One of the most striking features of our observable universe is that on sufficiently large scales it is very nearly 
spatially isotropic and homogeneous. The inflationary paradigm provides an attractive, dynamical mechanism for the 
universe to evolve into such a symmetric state from a potentially wide class of anisotropic and inhomogeneous initial 
conditions Q, H> Such a feature is generally referred to as 'cosmic no hair'. Braneworld cosmology, motivated 
by string/M-theoretic considerations j4j, has received considerable attention in recent years. (For reviews, see, e.g., 
Refs. ,5j). In this scenario our four-dimensional universe is viewed as a co-dimension one brane embedded in a 
higher-dimensional 'bulk' space. It is important, therefore, to investigate the isotropization of the universe within 
the context of braneworld inflation 0, Q • 

To date, however, progress in this direction has been hindered by our lack of knowledge of the geometry of the bulk 
space. In the Randall-Sundrum (RS) scenario p|, for example, our braneworld is embedded in a five-dimensional 
Einstein space sourced by a negative cosmological constant. In particular, a spatially isotropic braneworld propagates 
in five-dimensional Anti-de Sitter (AdS)-Schwarzschild space. On the other hand, due to the complexity of the field 
equations, very few exact anisotropic (or inhomogeneous) solutions to the five-dimensional bulk Einstein equations 
have been found Q. 

A natural and well-motivated extension of the RS scenario is to include one or more scalar fields in the bulk action. 
In this paper we consider a five-dimensional action for gravity coupled to two scalar fields {(p, a}: 



S* = 



d 5 x 



Mr, 



V(<p) 



E 



-9iTi(tp), 



(1) 



where the 'dilaton' field <p self-interacts through a potential V(ip) and is coupled to the branes through its brane 
potentials Ti(ip) that are localized to the branes [3(|. In the case where the bulk dimension has the topology S 1 /Z2, 
we may consider two 'end-of-the-world' branes located at the orbifold fixed points. The metrics induced on these 
four-dimensional hypersurfaces are defined by g$ = g,_ LV {y = 0) and gffi = g^(y = 7r), respectively, where the fifth 
dimension is parametrized by the coordinate y. If the bulk dimension is not periodic, we may consider the case of 
a single brane by specifying T\ 7^ and T2 = such that the Z2 symmetry is still respected across the brane. The 
constant b determines the coupling between the dilaton and massless 'axion' field, a. 
We will focus on the class of exponential self-interaction potentials: 



V(<p) = V Q e-w, T i (p) = i H e-^ 2 , 



(2) 



where {q, Vo, are constants. An action of the form is well motivated from a number of perspectives. When 

q = 2, b = 1 and \i\ = — /12 = \/6Vb, it represents a consistent truncation of Hofava-Witten theory [9j compactified 
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on a Calabi-Yau three-fold, where the dilaton represents the breathing mode of the Calabi-Yau space and the axion 
arises from the universal hypermultiplct 10] . The potential is generated by the non-trivial flux of the four-form field 
strength on four-cycles of the Calabi-Yau space. In the absence of an axion field, action JIJ-J2J a ^ so f° uows from the 
toroidal, Kaluza-Klein compactification of the (5 + m)-dimensional RS model, where the dilaton again represents the 
breathing mode of the internal dimensions and the exponential coupling is given by q = y/2m/[3(m + 3)] [n(. 

Recently, cosmological solutions with a single brane 01 an d a two-brane configuration ^| were found for action 
0-© with a vanishing axion field when the world-volume of the branes is represented by the spatially flat and 
isotropic Friedmann-Robertson- Walker (FRW) metric. In both cases, the five-dimensional bulk solution has the 
form 

ds 2 = n 2 (y) \-dt 2 + t^^Sijda^dafi + t 2 dy 2 ] , (3) 

where is a function of y that is determined by solving the field equations. 

This solution may be interpreted by an observer confined to the brane as a power-law inflationary cosmology for 
q 2 < 2/3 and inflation proceeds as the inter-brane distance increases. Solution is 'separable', in the sense that 
physical quantities are represented as products of functions of t and y. This corresponds physically to the case where 
there is no net propagation of scalar waves in the bulk. 

The solution © also represents a scaling solution, since the Hubble parameter on the brane and the dilaton's kinetic 
energy scale at the same rate. In general, scaling solutions play an important role in cosmology. They establish 
the asymptotic behaviour of a particular cosmology as well as determining its stability properties. Moreover, the 
attractive nature of scaling solutions provides a dynamical framework where the initial conditions for any subsequent 
cosmological evolution can be well-defined. Mukohyama and Coley 0] have shown that in the two-brane scenario the 
scaling solution (JSJ is stable against homogeneous linear metric perturbations and have also found that it represents 
the late-time attractor for a general FRW world-volume. Recently, however, an unstable mode has been identified in 
the case where the position of one of the branes is perturbed without producing a corresponding metric perturbation 
and this can result in a brane collision [l4| . 

The purpose of the present work is to investigate the implications of relaxing the separable ansatz discussed above 
as well as the assumption that the world-volume corresponds to an isotropic FRW metric. In Section II, we first 
consider the case of an arbitrary world-volume metric and show that, in general, the effective dynamics on the brane 
can be described by a Brans-Dicke scalar-tensor theory of gravity, where the coupling between the four-dimensional 
dilaton and graviton degrees of freedom is given by w = 2/q 2 . This leads us to deduce a cosmic no hair theorem for 
this class of models. In particular, we find that all initially expanding, spatially homogeneous Bianchi type I- VIII 
models will isotropize into the future when q 2 < 2/3. This implies that there is an open set of Bianchi models for 
which the scaling solution is an attractor at late times. 

In Section III, we investigate the consequences of relaxing the separable ansatz. This yields insight into the nature 
of scalar wave propagation in the bulk. A full analysis would involve a search for inhomogeneous solutions to the 
field equations of action A powerful way of integrating Einstein's equations is to apply the techniques of 

Hamilton-Jacobi theory to general relativity. A systematic and non-linear scheme for solving the Hamilton-Jacobi 
equation has been developed by Salopek and collaborators by employing a spatial gradient expansion |15l 1 161 Il7| . We 
employ this method in a five-dimensional context to solve the evolution equation for the four-metric to third-order 
in spatial gradients. When the dilaton field is homogeneous on the world-volume, (p — <p{y), it is found that the 
separable solution represents the attractor of the system when q 2 < 2/3. Combining the results of Sections II and 
III therefore provides strong evidence that the scaling solution J3J represents an attractor for q 2 < 2/3. Finally, we 
conclude in Section IV by placing our results within the context of the holographic approach to braneworld cosmology 
motivated by the AdS/CFT correspondence. 

II. SEPARABLE BRANEWORLDS 
A. Field Equations 

The bulk field equations derived by extremizing action Q— {2J are given by 



Gab = ^/Af^Bf + hv \j ' A <y\ 1 B o 9ab 



4 V T J 4 V J 2 



+9nA9uBe qv/2 



(4) 
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-b(p 



(Vff) -qV t 



- qv + qe~ qv/2 
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In this Section, we assume a bulk metric of the general form 

ds 2 = H m (f^dx^dx" + e 2l3 dy 2 ) 



(5) 
(6) 

(7) 



where the world-volume metric is represented by = f^ u {x p ), H = H(y) denotes the warp factor, (3 = (3(x) may 
be interpreted in four dimensions as a 'radion' field and m = 4/(3q 2 — 2). The components of the five-dimensional 
Ricci tensor compatible with the metric Q are then given by 



« 3m H' 



-26 



1 



3m \ if 



r'2 



tf 2 



1? 



□/3 + (v/?r 



2m 



ff' 2 ff" 



(8) 

(9) 
(10) 



where a prime denotes differentiation with respect to y. 



B. Separable Branes 



A separable solution between the world-volume and bulk coordinates can be found by assuming the ansatz ip = 
ipi(x) + f2(y) and a = <r(y) and specifying b — 2/q. The (/xy)-components of the Einstein field equations are then 
solved directly by 



-(3, 



6q 



hxH 



3q 2 - 2 

and the axion field equation JBJ admits the first integral 

a' = a H 6 /^- 2 ^ 

for an arbitrary constant <7q. 

The (fJ>v)— and (yy)-components of the field equations then reduce to 



.1^2 -[2+2(b/«)]/9 f , f -2/3 



6 F" 3(3g 2 - 8) iT 2 Vo 1 r r , , 
3^2 "ff + (3^2)^ - 2i^ + g [ ^ (2/) + ^ 2<5(2/ n)] 



and 



7? 



4 (V/3) 2 



e -[2+(2&/ 9 )]/3 +e -2/3 



To 



3(8 - 3g 2 ) 
(3g 2 - 2) 2 "ff 2 " ^ 2F 2 



respectively, whereas the scalar field equation J5J takes the form 



4 u 2 
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H" 6(8-3q 2 )H' 2 Vo 1 . . 

+ (3 g 2 - 2) 2 W + JP-H ^ lS{y) + ^ 6{V ~ n)) 



(11) 



(12) 



(13) 



(14) 



(15) 



A crucial property of Eqs. (|13|l - l|15(l is that the terms contained within the square brackets are independent of the 
world-volume coordinates, x^ 1 . We therefore define three separation constants, c,: 



6 H" 3(3g 2 



H 1 ' 



3q 2 -2 H (3q 2 - 2) 2 H 2 2H 2 H 



V 1 

+ T7[Ml^(y)+M2^(y-7r)] =Ci 



3q 2 ) H n 



Vo 



{3q 2 - 2) 2 H 2 2H 2 



2 
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H" , 6(8-3 g 2 ) g' 2 Vo 1 

3^2 If + W^plP + Jp~H [ ^ {v) + ^ 6{V n) 



C2 



C3- 



(16) 
(17) 
(18) 
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This implies that Eqs. ifKfy - lJTSj l simplify to 

g^u - + -fi + ^j v^pVvP + (i + ^) U» (V/?) 2 = - 2^ l2+2{b/q)]0 f^ + c if^ e 



-2/3 



2/3 



(19) 
(20) 



□ /3 + {VP) 2 = -^ e -[3+(26/9)]fl + C3e -2/3. 



(21) 



However, the constants Cj are not independent. Substituting the trace of Eq. Ijl9|l into Eq. (121 H and comparing 
with Eq. I|21|l implies that 



3c 3 = 4c a + 2c 2 

and subtracting Eq. IjRil) from Eq. (|18|) and comparing with Eq. <|17|) implies that 

2 



ci = c 2 



rc 3 - 



Eqs. and (|33J) then imply that 



6ci 



C3- 



It may now be verified directly that Eqs. I|19|l - (|21[) follow by extremizing the effective four-dimensional action 



Sd 



d 4 x 



- 2 (V/3) 2 



V 



^0 p -[2+(4/g 2 )]/3 
2 



(22) 
(23) 

(24) 

i 

(25) 
(26) 



where is the Ricci curvature scalar of the metric f^ v and / = det/^,,. The action (|25|l represents an effective 
Brans-Dicke scalar-tensor theory of gravity with a constant dilaton-graviton coupling parameter given by lu — 2/q 2 . 
It should be emphasized that no a priori assumption has been made regarding the form of the world-volume metric, 
f^ v . Thus, we have found a general class of warped, five-dimensional geometries of the form (JJJ, where the world- 
volume metric satisfies the field equations derived from the effective action (|25f) . Models of this type, both with and 
without an axion field, but with vanishing separation constants c, = 0, have been analyzed previously in a number of 
settings USE [3. 



C. Warp Factor 

It only remains to solve Eqs. JTBJ— (JTBJ for the warp factor H(y). However, these equations are independent of the 
world-volume coordinates, so the warp factor takes an identical form to that for the spatially flat FRW world-volume. 
Its precise form is determined by the values of the parameters {q, Vq, Ci} and, since our interest here is in the nature 
of the world-volume metric, we refer the reader to Refs. |12U13| for further details. As an example, however, consider 
the case of a two-brane scenario supported by a negative bulk potential, Vq < 0, where q 2 < 2/3 and c\ < 0. It 
follows from Eqs. (JTSJ-lO that 



*-VS (27) 

where the integration constant yo is specified such that the branes are located at y = (0, tt), i.e., H(0) = H(tt) = 1. 
This implies that the brane tensions are given by 



_ 24(2c 2 + |V/ |) _ 
Ml -~V 8-3<f ' Vi--»2, (28) 



where the second relation follows as a consequence of the Z 2 reflection symmetry. 
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D. Cosmic No Hair on the World— Volume 



We are now able to deduce a cosmic no hair theorem for this class of braneworlds when the world-volume represents 
a spatially homogeneous but anisotropic Bianchi spacetime. (A Bianchi metric admits three-dimensional, space-like 
hypersurfaces on which a three-parameter Lie group of isometries acts simply transitively) . To proceed, we note that 
action (|25(l may be transformed into the Einstein-Hilbert action for a minimally coupled, self-interacting scalar field 
by the conformal transformation 



fuu ^ fl 



n 2 



and field redefinition 



It follows that 



5' 



v(x) 



where 



V 



A 



3|g| 



(29) 



(30) 



(31) 



(32) 



The effective potential (|32fl contains two contributions, one from the axion field and the other from the non- 
trivial separation constant c\. When c\ < 0, the potential is positive-definite and contains no turning points. This 
implies that x ~~ > +°° & t late-times for any ever-expanding cosmology. (For the case where c\ > 0, the potential 
exhibits a minimum but its value is negative at this point). Since the contribution to the potential sourced by the 
axion field is steeper, the self-interactions of the field become dominated at late-times by the contribution arising 
from the separation constant. Now, the conformal transformation l|29l) - (|3U[) is well-defined for the class of spatially 
homogeneous and anisotropic Bianchi metrics and, moreover, the two metrics in Eq. I|29|) correspond to the same 
Bianchi type if the radion field [3 is constant on the surfaces of homogeneity, i.e., the Bianchi type is invariant under the 
conformal transformation. This implies that the known results from four-dimensional general relativity coupled to an 
exponential potential can be carried over directly to this braneworld scenario ,2]. We are therefore led to the following 
cosmic no hair theorem for braneworlds with a separable metric of the form Q supported by a bulk exponential 
potential: for q 2 < 2/3, all initially expanding, spatially homogeneous Bianchi world-volumes (except for a subclass of 
Bianchi type IX models that recollapse) isotropize in the future toward the power-law inflationary, spatially flat FRW 
metric ds 2 = —dr 2 +r 4 /( 39 ) 5ijdx l dx^ . (The form of the world-volume metric follows after conformally transforming 
back to the original frame J25J.) 

Thus, the scaling solution represents a late-time attractor for spatially homogeneous models when the separable 
ansatz Q applies and q 2 < 2/3. In the following Section, we investigate the implications of relaxing this assumption 
on the form of the bulk metric. 



III. INHOMOGENEITIES IN THE BULK AND THE HAMILTON— J ACOBI FORMALISM 

In the previous Section we deduced a cosmic no hair result for braneworlds satisfying the separable ansatz J7J with 
a spatially homogeneous world-volume. We now wish to provide evidence that the scaling metric @ also represents 
an attractor under more general inhomogeneous settings. This involves a study of the five-dimensional bulk solutions 
when the separable ansatz is relaxed. A powerful framework for solving the Einstein field equations sourced by a 
self-interacting scalar field is provided by the Hamilton- Jacobi (HJ) formalism of general relativity. We briefly review 
this formalism in a five-dimensional context in the following Subsection and then proceed to investigate the evolution 
of the bulk metric. 



A. Hamilton-Jacobi Equation 

We consider the five-dimensional sector of action with vanishing axion field and investigate bulk metrics in the 
Arnowitt-Deser-Misner (ADM) form [2(j 

ds 2 = (N 2 + j^N^N^dy 2 + 2N fl dydx» + j^dx^dx", (33) 
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where 7^ = j fllV (x p , y). Rewriting action Q in a Hamiltonian form and varying with respect to the lapse and shift 
functions, N and N 11 , yields the Hamiltonian and momentum constraints, whereas the equations of motion for 7 M „ 
and ip follow by varying the action with respect to their conjugate momenta, 7r MI/ and tt^: 



dyj^ - VuN,, - V^N V = -2- 



N 



N 



-7 



The evolution equations for the momenta are automatically solved |20j| by defining 

SS SS 

7T = 

S^uu ' Sip 



nv 



(34) 
(35) 

(36) 



and requiring that these satisfy the Hamiltonian and momentum constraints when the equations of motion l|34|l I35|) 
are satisfied. The functional S represents the generating functional of the HJ equation. The momentum constraint 
implies that this functional should be diffeomorphism invariant |2ll | and the HJ equation then represents the Hamil- 
tonian constraint. This is a hyperbolic, functional partial differential equation for S and may be expressed in the 
form 



{S, S} = £4, 



where we have defined the bracket: 



{S,S} 



1 SS SS 

^1 <h> 5-yxp 



1 



and 



2^=7 



^V(ip). 



dip 



(37) 



(38) 



(39) 



Eqs. I(34|) - ((36J1 yield the full set of evolution equations given a solution to the HJ equation (|37|) . The key idea 
of the spatial gradient expansion method |15l Il6t Il7j is to derive an order-by-order solution of the HJ equation by 
expanding the generating functional in a series S = X]^L S^ 2n \ where 2n represents the number of spatial gradients 



Eoo c(2n) 
n=0 ° 

in S^ 2n \ The HJ equation is also expanded in spatial gradients, 7i 
at each order in n. For n — (0, 2, 4), this leads to the constraints: 



J2n=o n(2n) = °> and is then 

required to vanish 



The zero-order equation 1(40(1 is solved by 0] 



S<°> = - 



- 7 W(<p), 



where the function W(ip) is a solution to the ordinary differential equation (ODE): 

2 



2 V dip J 3 



V. 



(40) 
(41) 
(42) 

(43) 
(44) 



Each solution to Eq. 144(1 is characterized by the value of a single parameter field, ip, such that W = W(ip, <p). 
Differentiating 1(441) with respect to ip then implies that the solution to Eq. 1(44(1 can be expressed as 0] 



3dW 8 
W = - — — — In 



(8W\ 

2 dip dtp \ dip J 

The second-order equation ((41(1 is solved by substituting the ansatz 



S^ = J d 4 x^j 



J{ V )R-^K( V ) (V^) 2 



(45) 



(46) 
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for the functions J(ip) and K (ip) and requiring the coefficients of the terms involving R, Dy and (Vy) 2 to vanish 
identically. This results in three coupled ODEs [Tfil ]: 

ay ay 3 

+ ^ = (48) 
ay ay 



r d 2 J dfTaW ^ 
dip 2 dip dip 3 



2W/ — + T7 — + o WK = _L ( 49 ) 



Eqs. l(17 |l -l|i5 )l are not independent and Eq. follows after differentiating Eqs. (|4T|) and (|4"5|l with respect to <p. 
Moreover, Eq. (|47|l may be solved in terms of an integrating factor once a solution to Eq. (|44|l has been found. It 
follows, after substitution of the solution (|45|l into Eq. (|47|l . that 

fdw\ 1/2 r /dwy 1 /dw^ ~ 1/2 



In principle, therefore, the HJ equation can be solved perturbatively once a solution to the zero-order equation 
jut has been found. We consider the case of an exponential potential in the following Subsections. 



B. Solution for a Bulk Exponential Potential 



In general, Eq. 144fl may be viewed as a first-order ODE with a 'time' variable ip |22 • By defining a new dependent 
variable 133 



Y 



W 



3 dW/dip Y 2 W 2 ' 
this ODE may be expressed in the form of a first-order Abel equation: 



3dY 
2~dp 



/3dlnV 

8 dip 



Y 3 + Y 2 



I'SdlnV 
8 dp 



Y —1. 



(51) 



(52) 



For a scalar field with a negative exponential potential, V = Vq exp(— qip) with Vo < and q > 0, it proves 
convenient to define a further variable Y = Since O is bounded such that < O 2 < 1, this implies that Eq. 

(I52|l can then be written as a one-dimensional non-linear dynamical system: 




1) 



(53) 



where s = -\/3/8g. The equilibrium points for this system are at O oqm = s 2 and O oqm = 1, respectively. A stability 
analysis in the neighbourhood of these points implies that the former is stable for q < v/8/3 and unstable for q > \/8/3, 
whereas the latter equilibrium point is unstable for q < \/8/3 and stable for q > ^/8/3. Since O is bounded, these 
points represent the global attractor and repellor in the phase space. The point O cq m = 1 corresponds to the limit 
where the potential energy of the field is dynamically negligible, whereas O cqm = s 2 represents scaling behaviour. We 
therefore focus in the remainder of this Section on the region of parameter space where q < v/8/3. Moreover, the 
general solution to Eq. 1|52[) is given by 



(l+y) s - 1 (l-F) s 
(1- sY) 2s 



exp 



(1 - s 2 )(p - tp m ) 



(54) 



where p m is an integration constant, and it follows that the stable equilibrium point corresponds to tp — > +oo. (This 
will be important when calculating the asymptotic form of the third-order metric 7^ in Section HID). 
The attractor solution to the zero-order HJ equation now follows immediately from Eq. (|51(l : 



W = ±i 



24V Q 



3q 2 



(55) 
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Eqs. |37)l and (gHJ) are then solved by 

K(cp) = J(^), J(^) = J e^/ 2 , WoJo 



12 



3<? 2 + 4 

and the generating functional to second-order in spatial gradients is therefore given by 



S (0) + S (2) = / 



Joe qv/2 (r-\{Vv)' 



W e 



-qtp/2 



(56) 



(57) 



Modulo trivial rescalings and a field redefinition tp — > 2/3 / ! q, the coupling between the scalar and tensor degrees of 
freedom in Eq. (|57|l is precisely the same as the coupling in the effective four-dimensional action l|25|l . i.e., it is of the 
Brans-Dicke form where u> — 2/q 2 . The qualitative forms of the potential terms are also identical. 



C. Fourth-Order Hamiltonian 



We now solve the fourth-order equation (|42|l . Substitution of the variations of yields the first-order functional 
differential equation 

4^_3^ = 3 {S «, S ™, (58, 
d7 M „ dip dip 

and this equation can be solved by employing the conformal transformation technique of Ref. |17| . This involves 
defining the set of new variables: 

n2 , „ an w n ir, (dwy 1 

^ Efi *" a^ = T n > u = ~3j d(p (-dV) (59) 



and transforming Eq. (|58|l into the form 

6S^ 



Su 

Eq. (|6l)l) then admits a solution in terms of the line integral 



= 3{S( 2 \S ( V}. (60) 



5 (4) =3/ du' / d 4 xTZ (4) [u'(x),k^(x)}, (61) 



where TZ^ = {S™ , S™} is to be viewed as a functional of vMx) and the conformal metric k^ v . The integral l|61|) 
may be evaluated by choosing a straight line path such that |l7| 

u'(x) — ru(x), du' [x) = u(x)dr, (62) 

where r is a real parameter taking values in the range < r < 1. Each term in TZ^ depends quadratically on r and, 
consequently, the integral over u reduces to performing the trivial integration J Q r 2 dr. The solution to Eq. 142|) is 
therefore given by 

= / d*xu{SM,SW}. (63) 



The explicit form of the fourth-order contribution to the generating functional then follows after substitution of 
the second-order contribution S^ 2 \ In the case of the attractor solution (|55|) - (|56|l for the exponential potential, it 
follows from Eq. (|59|l that u — A/(3q 2 W). Hence, we need only substitute the second-order term, Eq. I|57f) . into the 
integral (|63|) and integrate by parts where appropriate. We find, after some algebra, that 



c,(4) _ 4J o / r ]4 T ,/^Z p 3w/2 
b ~ 3q 2 W 1 XV 76 



8 J 2 v T ' 2 T V 3 



2 
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D. Evolution of the world—volume metric 



We are now able to evaluate the evolution of the metric 7ai „ up to third-order in derivatives. To proceed, we 
specify the gauge such that the shift function vanishes, = 0, and further assume that the scalar field is constant 
on surfaces of constant y, i.e., ip = <p(y). Moreover, we identify the value of the scalar field as the 'time' parameter 
representing evolution in the fifth dimension. This is equivalent to choosing the lapse function to be 



1 

N 



dW 

dip 



--R, 

dip 



(65) 



as follows directly from Eq. I|35|) . 

The evolution of the metric 7 M „ to first-order is determined by truncating the generating functional at the lowest- 
order term, S — S^°\ and setting the lapse TV -1 = dW/dip in Eq. (|51fl 16|. Integrating (|3"P then yields 



^ { dip ) 



-1/2 



(66) 



where we have employed expression <|45|) and the conformal metric, h^ u (x), is independent of the fifth coordinate. 

The evolution of the metric to third-order, on the other hand, is determined by truncating the expansion of the 
generating functional at n = 1. After substituting the variation of S^ 2 \ as determined from Eq. I|46|l . into the 
evolution equation lp?4"|) . it follows that 



2J 



- qRi^ 



(67) 



where the second term on the right hand side is evaluated with the first-order (long-wavelength) metric (|66|l and the 
other two terms contain contributions from the first- and third-order metrics. The third-order metric is determined 
by integrating l|67|) after substitution of Eq. I|65|l . where the substitution is done in such a way that only term s up to 
second-order in spatial gradients are retained and first-order results are substituted into second-order terms [lq . It 
is found that 



7$ 



P ,n\ - 



(dW\ 



-1/2 



1 (dW 
3 \ blp~ 

n fdw^~ 1/2 

+2 {W 



-1/2 



dip' J 



1/2 



R^h 



fJLV 



fdwy 1 ( dw \ 

[dip') \d(p) 



1/2 



rW _ L R (h) h 



(68) 



where R^J and R^> are the Ricci tensor and curvature scalar, respectively, of the conformal metric ft,„„. 

It follows from Eq. I|68|l that the evolution of the metric at this order is determined, at least in principle, once the 
zero-order HJ equation (|44() has been solved. To determine the asymptotic behaviour of the world-volume metric, 
therefore, we may substitute the attractor solution l|55|l into Eqs. <|45|l and l|5U|) . This is equivalent to substituting 
dW/dip = e-^l^f into Eqs. and and we deduce that 



~(3) 



(2/3q)<p k 



- p(2/3<j)vL 
12J J^nft) 

W Q (3q 2 -2) 



(69) 
(70) 



where is directly proportional to hnv Hence, since ip —* 00 corresponds to the attractor in this model when 
q 2 < 8/3, we conclude that the first-order term increases more rapidly than the third-order term for q 2 < 2/3. 
As a result, the metric approaches the first-order separable metric (|69ll for this region of parameter space. This is 
precisely the upper limit on the value of the coupling parameter for which the cosmic no hair theorem of Section II 
applies. Moreover, comparison with the exact braneworld Q and implies that the world-volume sector of the 
bulk solution J7J) can be expressed in exactly the same form, 7^^ = e^ 2 / 39 ^ f llv {x), as that of the first-order metric 



IV. DISCUSSION AND A NOTE ON HOLOGRAPHY 



In this paper, we have focused on various aspects of braneworld cosmology where the bulk gravitational action 
contains a scalar dilaton field with an exponential self-interaction potential with coupling parameter q. A massless 
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axion field coupled to the dilaton was also included in the bulk action. We have found a general class of braneworlds, 
where the world-volume metric represents any solution to a four-dimensional scalar-tensor theory of gravity where 
the coupling between the spin-0 and spin-2 fields takes the value ui = 2/q 2 . The axion field generates a potential for 
the dilaton in four dimensions. This generalizes the results of I lll . ll3.ll3j to an arbitrary world- volume metric in the 
presence of a bulk axion field and extends the results of [lSt Il9| to the case where the four-dimensional dilaton has a 
non-trivial potential. 

We have argued, from both the world-volume and bulk perspectives, that the spatially flat FRW scaling solution © 
represents an asymptotic attractor in a wide variety of settings when the constraint q 2 < 2/3 is satisfied. Specifically, 
we have derived a 'cosmic no hair' theorem for the class of spatially homogeneous Bianchi world- volumes. We also 
applied the Hamilton-Jacobi framework to five-dimensional general relativity up to third-order in metric derivatives 
and found that when q 2 < 2/3, the first-order (separable) bulk metric dominates the third-order contributions as 
the attractor is approached. Moreover, it is striking that the zero- and second-order contributions to the generating 
functional of the HJ equation take the same form as the effective Brans-Dicke action that determines the world- 
volume metric in the separable bulk solution. We have also presented the first derivation of the fourth-order 
contribution to the generating functional for five-dimensional Einstein gravity coupled to an exponential scalar field 
potential. 

An alternative approach to solving the bulk Einstein equations is to employ a gradient (low-energy) expansion 
technique directly at the level of the field equations l23l|24l . The two-brane scenario with a bulk exponential potential 
was recently studied in this context by Leeper et al. [l4j, who found an approximate solution to the field equations 
where a perturbation in the position of one of the branes induces a perturbation in the bulk metric away from the 
separable ansatz ©. It was found that the system is stable to such a perturbation and that the bulk rapidly tends 
to its unperturbed form. Such an analysis differs from that of the present work and was restricted to first-order 
perturbations and it would clearly be of interest to extend the analysis to higher-order. 

Although our primary interest has focused on bulk gravitational issues, our work also overlaps with recent develop- 
ments in holographic approaches to cosmology and we now conclude with a discussion on these issues. The AdS/CFT 
correspondence |25j states that gravity on (d + 1) -dimensional anti-de Sitter (AdS) space admits a dual description in 
terms of a conformal field theory (CFT) on the d-dimensional boundary. (For a review, see, HiJ). Within this context, 
the radial bulk coordinate is identified as a renormalization group (RG) flow parameter (energy scale) of the dual field 
theory, such that the evolution of the bulk fields along the radial direction induces non-vanishing /3-functions in the 
dual theory |27ll28l 29]. As is well known, however, the supergravity action diverges when the AdS boundary is taken 
to infinity, de Boer, Verlinde and Verlinde have advocated a method of handling such divergences within a holo- 
graphic RG approach based on the HJ formalism. The effective action for the gauge theory, T, is related to the bulk 
classical action, S, by S = S\ oc + T, where S is evaluated on a solution to the bulk field equations (with appropriate 
boundary conditions), S\ oc represents the divergent terms (that are no higher than second-order in derivatives) and 
F contains the higher-order, non-local contributions. A primary motivation for such an approach is that equation 
(|42|l . determining the fourth-order contribution to the generating functional of the HJ equation, takes the form of a 
'Callan-Symanzik' equation [29) : 

^^=^ + w {s ^ s ^ (71) 

when we identify = T, — S\ oc , and (3 = "SdlnW/dtp with the /3-function of the dual theory. The left-hand 
side of Eq. I|71|l is precisely the conformal anomaly of the gauge theory |30t l3ll L'iJ. |33j . 

Within the context of the braneworld paradigm, this provides strong motivation for interpreting the braneworld 
as a cut-off, strongly coupled conformal gauge theory coupled to four-dimensional gravity with a dual action S = 
S\ oc + r + Sbranc where 5*brano represents the brane pjfll l3ll Is^j. Thus, the dual effective action in the presence of a 
bulk dilaton scalar field would be determined in this context from Eqs. (|4U p — (|48 p . 

The bulk solutions found in Section II represent domain wall backgrounds, but these are not asymptotically AdS 
since the exponential potential does not contain a global minimum. Nonetheless, the above discussion should apply 
to any model where the bulk potential has an approximately exponential form over some finite range of scalar field 
values and, in this case, the fourth-order contribution to the HJ generating functional that we have derived in Eq. 
(|64ll may then be identified as the effective action for the conformal anomaly in this regime. It would clearly be 
of interest to establish the necessary conditions for inflation to arise from such a contribution, since its ultra-violet 
nature implies that it may play a dominant role in the very early universe. On the other hand, we have found that 
the low-energy limit of the dual effective action can isotropize the braneworld if the logarithmic derivative of the 
(negative) bulk potential is sufficiently flat, i.e., the /3-function of the gauge theory is sufficiently small. 

Finally, the bulk solutions we have investigated in the present work may also be relevant to the proposed domain- 
wall/quantum field theory (DW/QFT) correspondence J35|, which exploits the fact that AdS space (in horospherical 
coordinates) represents a special case of a domain-wall background. This suggests - in view of the dualities that 
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relate all brane backgrounds - that the AdS/CFT correspondence can be extended to that of an ordinary QFT living 
on the boundary of the domain wall. More specifically, the metric of AdS space in horospherical coordinates with 
radius of curvature I is given by ds 2 = £ 2 (du 2 /u 2 ) + (it 2 / ! £ 2 )rj tiv dx tl dx 1 ' , where rj^ is the metric for flat space. In 
general, the bulk metric we have considered as an ansatz in Eq. (J7J can not be expressed in this form. However, when 
the separable condition (|11|) is satisfied, a conformal transformation 



ds 2 dual = e-wdSl 



(72) 



on the metric J7J results in the 'dual' metric 

^duai = H- 2 (y) (e-Wf^dx" + dy 2 ) . (73) 

Comparison with the warp factor 1|27|) . for example, then implies that in the limit y — » yo, the metric (|73|) can indeed 
be expressed in the horospherical AdS form (after a trivial rescaling of the coordinates) by identifying (y — yo) tx u . 

In the DW/QFT correspondence, the horospherical coordinate u is identified as the energy scale of the dual theory, 
with u — oo corresponding to the AdS boundary [35l |. The dual frame \1'6\ therefore provides the natural context 
for discussing the DW/QFT correspondence. Moreover, performing the conformal transformation (|72|l on the bulk 
action results in a scalar-tensor gravity theory: 



5dual — 



R - ^dual (Vtpdual) 2 - V 



(74) 



where 



(/'dual 



3q 



-9- 



^dual 



2 
9q 



2 (! 



6<Z 2 )- 



(75) 



It is of interest to note that the critical value we have identified for the attractor scaling solution, q 2 = 2/3, corresponds 
precisely to the coupling that arises in the dilaton-graviton sector of the string effective action, cjduai = — 1. In 
conclusion, therefore, we anticipate that the class of braneworlds we have found will play a key role in developing the 
holographic approach to braneworld cosmology in terms of the AdS/CFT and DW/QFT correspondences. 
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